In this paper, a simplified thermodynamics analysis of cyclic plastic deformation is performed in order to establish an energy transition relation for describing the elastic-plastic stress and strain behavior of the notch-tip material element in bodies subjected to multiaxial cyclic loads. Based on the thermodynamics analysis, it is deduced that in the case of elastic-plastic deformation, Neuber's rule inevitably overestimates the actual stress and strain at the notch tip, while the equivalent strain energy density (ESED) method tends to underestimate the actual notch-tip stress and strain. According to the actual energy conversion occurring in the notch-tip material element during cyclic plastic deformation, a unified expression for estimating the elastic-plastic notch stress-strain responses in bodies subjected to multiaxial cyclic loads is developed, of which Neuber's rule and the ESED method become two particular cases, i.e. upper and lower bound limits of the notch stress and strain estimations. This expression is verified experimentally under both proportional and non-proportional multiaxial cyclic loads and a good agreement between the calculated and the measured notch strains has been achieved. It is also shown that in the case of multiaxial cyclic loading, the unified expression distinctly improves the accuracy of the notch-tip stress-strain estimations in comparison with Neuber's rule and the ESED method. The unified expression of the notch stress-strain calculation developed in this paper can thus provide a more logical approximate approach for estimating the elasticplastic notch-tip stress and strain responses of components subjected to lengthy multiaxial cyclic loading histories for local strain approach-based fatigue-crack-initiation life prediction.
Introduction
In the safe designing against fatigue of engineering structures and machine components, local strain approach (Suresh, 1998) has been widely used to predict so-called fatigue lives to crack-initiation. As it is known, using local strain approach to predict fatigue life, one of the crucial steps is to determine the notch-tip stress and strain responses in elastic-plastic bodies subjected to cyclic loads. Although accurate determinations of the notch-tip stress and strain response using existing techniques such as experimental measurements and numerical simulations are not intractable, they are often too expensive and time-consuming especially when components are subjected to long arbitrary multiaxial cyclic loading histories in service. For this reason, simplified analytical methods that approximate the actual elastic-plastic notch-tip material behavior are frequently preferred in practical engineering applications. So far, a number of approximate methods (Neuber, 1961; Top- per et al., 1969; Seeger and Heuler, 1980; Molski and Glinka, 1981; Glinka, 1985; Hoffmann and Seeger, 1985; Gu and Lee, 1997) have been proposed for determining the elastic-plastic notch-tip stress and strain. Among these, the rule originally proposed by Neuber (1961) , which has since been extended to fatigue problems by Topper et al. (1969) and generalized by Hoffmann and Seeger (1985) , is the most commonly used. Another frequently used relation is the equivalent strain energy density (ESED) method proposed by Molski and Glinka (1981) . During the last two decades, considerable efforts have been devoted to the evaluation of the predictive capacity of Neuber's rule and the ESED method in the notch strain analysis for various notch geometries, materials and types of load (Newport and Glinka, 1990; Wang and Sharpe, 1991; Sharpe, 1992; Moftakhar et al., 1995; Singh et al., 1996; Knop et al., 2000; Visvanatha et al., 2000; Jiang and Xu, 2001) . It has been established experimentally that in the case of elastic-plastic deformation, Neuber's rule normally overestimates the notch-tip strain, while the ESED method tends to underestimate the notch-tip strain. It was thus suggested (Moftakhar et al., 1995) that Neuber and the ESED relations represented the upper and the lower bound limits, respectively, for the actual elasticplastic strains and stresses at the notch-tip. On the other hand, in order to improve the estimative accuracy of the approximate methods, various correction strategies, such as replacing the theoretical stress concentration factor by the fatigue notch factor in Neuber's rule (Klesnil and Lukas, 1980) , introducing a correction factor in the ESED method to consider an increase of the strain energy density in the notch-tip plastic zone (Newport and Glinka, 1990) , etc., have been also proposed. However, since most of the corrections are empirical and lack of solid theoretical basis, they have met considerable difficulties when extended to the multiaxial case. More recently, a physical relationship between Neuber's rule and the ESED method was established on the basis of the analysis of the energy of an elastic-plastic body subjected to an uniaxial cyclic loading (Ye et al., 2004 ). This investigation makes it possible to evaluate two approximate relations in a quantitively accurate way. In the present study, such an investigation is further performed in an elastic-plastic notched body subjected to general multiaxial cyclic loading histories. The main purpose of the present study is to seek for a new approximate approach to the elastic-plastic notch-tip stress and strain calculation that is more logical in physical meaning and more precise in estimation result for components subjected to lengthy multiaxial cyclic loading histories so as to further improve the accuracy of local strain approach-based fatigue-crack-initiation life prediction.
Thermodynamics analysis of the notch-tip material element during cyclic plastic deformation
As shown in Fig. 1 , when an elastic-plastic notched body is loaded, the notch root constraint gives rise to a non-uniform triaxial stress field in the region of the notch, with the highest stress concentration located at the notch tip. In order to facilitate the subsequent analysis, the mechanical response of the notch-tip material element in a uniaxial stress state is first considered (Fig. 2) . The stress-strain response of the notch-tip material element during one loading cycle can be schematically illustrated in Fig. 3 , where paths O 0 AO 00 and O 00 BO 0 correspond, respectively, to the response of the material in the first and second half-period of the fatigue cycle, and the area enclosed by the stress-strain loop represents the deformation work per unit volume or the plastic strain energy density (Klesnil and Lukas, 1980 
where DW p denotes the plastic strain energy density, Dr and De are the true stress and strain ranges, respectively. It is experimentally revealed (Klesnil and Lukas, 1980 ) that during cyclic plastic deformation the deformation work is mostly converted into heat, while the remainder is stored in the material. This energy transition depends on the type of deformation and on the properties of the material (Widyatmoko et al., 1999) . In terms of the thermodynamics theory (Wu, 2005) , the energy transition relation during one loading cycle can be expressed as
where DE S denotes the change in the stored energy and DQ d represents the heat energy dissipated during one loading cycle. It has been found (Zhou and Huang, 1989 ) that at plastic deformation of metals and alloys the stored energy exists mainly in the form of the energy of dislocation stress fields and point defects, which depends on strain hardening. Generally, the stored energy can be determined by using experimental techniques such as calorimetry (Businko and Blinov, 1976) and it can be also estimated through the relationship between the stored energy and flow stress (Godfrey et al., 2005) . A method for estimating the stored energy based on the concept of strain hardening is proposed by Skelton (1987) , in which the stored energy is defined as the hatched area in the stress-strain hysteresis loop, as illustrated in Fig. 3 . The energy stored during one loading cycle can be thus determined using the following formula:
The heat energy DQ d dissipated during one loading cycle can be determined by combining Eq. (2), with Eqs.
(1) and (3)
Assuming that the cyclic stress-strain curve is of Ramberg-Osgood type
where De e and De p are the elastic and plastic parts of the total strain range De, E is the elastic modulus and K 0 and n 0 are the fatigue strength coefficient and the cyclic strain hardening exponent, respectively, Eqs. (1), (3) and (4) can be further expressed as
It follows from the above-derived relations that the energy conversion during cyclic plastic deformation depends on both the type of deformation and the properties of the material. Therefore, similar to that in the study of vibration, a logical way to compare the capability of the energy dissipation in different cyclically deformed materials can be also performed by introducing the ''energy dissipation coefficient". Here, the term of ''energy dissipation coefficient (C q )" is defined as the ratio of the dissipated heat energy to the plastic deformation work during one loading cycle. From Eqs. (6) and (7), we get
For a wide range of metallic materials, values of the strain hardening exponent (n 0 ) usually lie between 0.1 and 0.3. It can be obtained from Eq. (9) that values of C q tend to lie between 0.60 and 0.90. This means that about 60-90% cyclic plastic deformation work depending on the types of deformation and the properties of the material is transformed into the heat energy dissipated during cyclic loading, which well corresponds to the available experimental measurements of the heat energy for various materials and types of loading (Zhou and Huang, 1989) . From the above analysis, it can be thus inferred that the method of estimating the stored energy based on Eq. (3) is acceptable for engineering approximate calculations.
The thermodynamics analysis of cyclic plastic deformation presented above exhibits a fact that when a notched body is subjected to cyclic external forces, resulting in the localized plastic deformation in the notch-tip region, only a small part of the deformation work, namely the stored energy, contributes to the notch-tip stresses and strains through cyclic strain hardening, while most of the plastic deformation work is dissipated in the form of the heat that does not influence the notch-tip stress and strain states.
In the case of an arbitrary multiaxial stress state, Eqs.
(1), (3) and (4) derived for a uniaxial stress state are assumed to possess the following forms:
where i, j = 1, 2, 3 and the summation convention applies. This extension of the energy relations from an uniaxial stress state to an arbitrary multiaxial stress state may be strict for notched bodies subjected to proportional loading, but approximate for notched bodies subjected to non-proportional loading. Under the assumption of isotropic elastic-plastic notched bodies and mutiaxial proportional loading sequences, the above equations can be further expressed, by introducing equivalent stress and plastic strain ranges (Dr eq , De p eq ) (Singh et al., 1996) as
where
From Eqs. (13) and (15), the ''energy dissipation coefficient (C q )" for a general multiaxial loading case can be also determined as follows:
Further discussions about Neuber's rule and the ESED method
In the present study, discussions about Neuber's rule and the ESED method are mainly focused on their physical meaning based on the established thermodynamics analysis of cyclic plastic deformation.
Neuber's rule was initially proposed for a notched body under pure shear stress state (Neuber, 1961) . On the basis of the experimental measurement of strain at the notch tip, it is found that Neuber's rule is of more general validity and can be also used for other types of loading. In the case of the notched body subjected to a uniaxial cyclic loading, Neuber's rule can be written in the following form (Topper et al., 1969) :
where K t is the theoretical (elastic) stress concentration factor, DS and De are the remotely applied nominal stress and strain ranges, and Dr N and De N denote the notch-tip stress and strain ranges estimated using Neuber's rule.
On the other hand, based on the assumption that the strain energy density distribution in the plastic zone ahead of a notch tip is the same as that determined on the basis of the pure elastic stress-strain solution, Molski and Glinka (1981) proposed a similar local elastic-plastic stress and strain calculation relation called the equivalent strain energy density (ESED) method. In the case of a notched body subjected to a uniaxial cyclic loading, the ESED method can be expressed as
denotes the strain energy density due to local stress and strain ranges at the notch tip, and W DS ¼ ð1=2ÞDSDe ð Þ is the strain energy density due to the remote nominal elastic stress range. Thus, Eq. (18) can be also written in the following form:
According to the geometrical relationships among the total strain energy density (DrDe), the plastic strain energy density ( 
where DW p (Dr, De) denotes the plastic strain energy density as defined in Eq. (1). Thus, the ESED method can be also expressed in the following alternative form:
Here, and throughout the paper, the superscript E denotes the elastic-plastic notch-tip components as estimated by the ESED method. It is interesting to find in Eq. (22) that when DW p (Dr, De) = 0, the ESED method yields Neuber's rule, Eq. (17). Therefore, Neuber's rule can be also considered as a particular form of the ESED method (Ye et al., 2004) . In the case of multiaxial stress states at the notch tip, the use of the stress concentration factor, K t , as expressed in the uniaxial form of Neuber's rule and the ESED method, is not sufficient because it supplies information about only one stress component. For this reason, a new mechanics quantity termed ''hypothetical notch-tip stress and strain (r e and e e )" obtained in the case of a perfect linear-elastic body is introduced in the expressions of the two approximate relations (Ellyin and Kujawski, 1989; Singh et al., 1996) . In the case of multiaxial cyclic loading, Neuber's rule and the ESED method can be then expressed, respectively, by 
where Dr e ij and De e ij denote the hypothetical linear-elastic notch-tip stress and strain ranges. Since both Neuber's rule and the ESED method express the strain energy density, it is of a practical significance to discuss the two approximate relations from the viewpoint of energy. Note that, in Eqs. (23) and (24) Þ) during cyclic deformation. In terms of the established thermodynamics analysis of cyclic plastic deformation, as presented in the previous section, it can be thus deduced that Neuber's rule inevitably overestimates the actual stresses and strains at the notch tip as a result of the fact that in this rule all the input energy is taken into account to contribute to the notch-tip stresses and strains, while the ESED method is likely to tend to underestimate the actual stresses and strains at the notch tip owing to the fact that in this method all the plastic strain energy instead of only the heat energy is taken into account to be dissipated during cyclic deformation, both of which contradicts the actual energy conversion occurring in the notch-tip material element as analyzed previously. The above discussion concerning Neuber's rule and the ESED method has been also proven by the available experimental and numerical investigations regarding two approximate relations for a variety of notch geometries, materials and loading configurations (Newport and Glinka, 1990) . This suggests that there may exist some inherent shortcomings of the above two approximate relations in estimating the notch-tip stresses and strains in the case of elastic-plastic deformation. Therefore, in order to obtain more precise estimations of the notch-tip stress and strain responses of components subjected to multiaxial cyclic loading histories, a more logical approximate analytical approach that can reveal the actual energy dissipation behavior of the notch-tip material element during cyclic plastic deformation is expected to be developed.
4.
A unified expression of notch stress-strain calculation and its application in multiaxial cyclic loading 4.1. A unified expression of elastic-plastic notch stress-strain calculation On the basis of the thermodynamics analysis of the notch-tip material element during cyclic plastic deformation as discussed in the previous section and under an assumption of so-called localized plasticity, i.e. the notch-tip plastic zone is surrounded by a large elastic region, a new expression for calculating the elastic-plastic notch-tip stress and strain response in bodies subjected to multiaxial cyclic loading histories can be proposed as follows:
where C q (0 6 C q 6 1) denotes the ''energy dissipation coefficient" as defined previously, the second right hand term, i.e. C q DW p ðDr U ij ; De U ij Þ, thus represents the heat energy dissipated during cyclic plastic deformation, and the superscript U denotes the elastic-plastic notch-tip components as estimated by the present proposed expression -the unified expression as termed in this study.
The physical meaning of Eq. (25) can be explained as that the theoretical deformation work or the input energy (Dr e ij De e ij ) applied to the material element at the notch tip due to cyclically external loads is partially transformed into the actual total strain energy density (Dr U ij De U ij ) absorbed by the notch-tip material element resulting in local stress and strain and the rest of it is dissipated in the form of heat (C q DW p ðDr U ij ; De U ij Þ) during cyclic plastic deformation. The developed expression is thus in accordance with the actual energy conversion occurring in the notch-tip material element during cyclic plastic deformation, as discussed previously. It can be easily obtained from Eq. (25) that when C q takes zero, namely no energy dissipation is taken into account during cyclic plastic deformation in the notch-tip region, the proposed expression yields Neuber's rule, Eq. (23), while when C q takes unit value, namely all the plastic strain energy is taken into account to be dissipated during cyclic plastic deformation, the expression yields the ESED method, Eq. (24). That means Neuber's rule and the ESED method provide, respectively, the upper and the lower bound limits of the notch-tip stress and strain estimation of Eq. (25), i.e.
In other words, Neuber's rule and the ESED method are actually the two special cases of the present proposed expression. Eq. (25) is thus called the unified expression of the elastic-plastic notch-tip stress-strain calculation. As defined previously, in Eq. (25) the ''energy dissipation coefficient (C q )" can be estimated using Eq. (9) for the purpose of engineering approximate calculations. Therefore, the unified expression can be also written as
where n 0 is the cyclic strain hardening exponent of the isotropic material.
Application of the unified expression in multiaxial cyclic loading
When the proposed expression is applied in estimating the notch-tip stress and strain responses of a notched body subjected to non-proportional multiaxial cyclic loading histories, a proper incremental form of this expression should be developed to address the path dependent nature of the elastic-plastic strain-stress history at the notch-tip. The differential of Eq. (25) 
At any moment (t) of a loading cycle, Eq. (28) 
In Eq. (30), the prefix d denotes the small increment of hypothetical and actual stress and strain components for the purpose of practical calculations. This equation will be subsequently used to estimate the notch-tip instantaneous stress and strain responses of the notched component subjected to multiaxial non-proportional cyclic loads. As shown in Fig. 1 , the state of stress at the notch tip is biaxial due to the free surface. Since equilibrium of the material element in the notch-tip region is assumed, then r 23 = r 32 holds and symmetry of the strain tensor, i.e. e 23 = e 32 is introduced. There are seven unknowns at the notch tip: three stress components (r 22 , r 33 , r 23 ) and four strain components (e 11 , e 22 , e 33 , e 23 ). Therefore, a set of seven independent equations including the unified expression, the incremental stressstrain relations and the other complementary equations is required to completely define the stress-strain responses at the notch-tip, which is briefly outlined in the following. In this study, the material constitutive model proposed by Jiang and Sehitoglu (1996) is used to describe the incremental stress-strain relations. As was indicated in the literature (Hertel et al., 2005) , this constitutive model allows for a realistic description of the transient cyclic hardening and softening and the ratchetting. The main parts of the constitutive model consist of (a) the yield function, (b) the flow rule, and (c) the hardening rule, which are shortly introduced as follows:
(a) The yield function 
where dp ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi The material constitutive model presented above can provide four independent equations for the elastic-plastic notch-tip stress-strain analysis.
In order to obtain the extra two equations, it is assumed according to references (Moftakhar et al., 1995; Singh et al., 1996) that the relative contribution of each elastic-plastic stress-strain component to the total strain energy density and the dissipated heat energy per unit volume at the notch tip is the same as the contribution of each analogous stress-strain component to the total strain energy density and the dissipated heat energy per unit volume at the notch-tip assuming elastic material behavior. 
In Eq. (34), the indices i, j, a, b = 1, 2, 3 and summation is assumed over i and j, while for a and b, summation is not implied.
The above energy ratio equation (34) has been proved to be applicable for notched bodies subjected to both proportional and nonproportional loads (Moftakhar et al., 1995; Singh et al., 1996) . Substituting Eq. (30) 
Eq. (35) provides three equations but only two of them are independent. Consequently, a combination of four equations from the elastic-plastic constitutive equation (32), with Eqs. (30) and (35) yields the required set of seven independent equations necessary to completely define elastic-plastic notch-tip strain and stress responses for a notched component subjected to multiaxial non-proportional cyclic loads. The final set of equations can be written as follows:
(a) Incremental unified expression 
(b) Incremental constitutive relations 
For the numerical solution of these equations, a computer program has been written, in which only the hypothetical linear-elastic notch-tip stress and strain and the material constitutive stress-strain equation are necessary as input data.
Experimental verifications of the unified expression
In this study, the accuracy of the proposed unified expression of elastic-plastic notch-tip stress and strain calculations is assessed by comparing the calculated results with the measured data in a notched specimen subjected to multiaxial proportional and non-proportional cyclic loads. For the purpose of comparison, the calculated values according to the present Fig. 4 . Notched specimen used for present investigation (all dimensions in mm).
expression are also compared with those according to Neuber's rule and the ESED method, respectively. As it is found in Eq. (30), this work can be easily performed in the computation program by changing the ''energy dissipation coefficient (C q )", i.e., C q = 0 for Neuber's rule, C q ¼ 1À2n 0 1Àn 0 for the unified expression, and C q = 1 for the ESED method. The specimen used for the present study is a cylindrical shouldered shaft component as shown in Fig. 4 . This specimen is made of fine grain steel S460N. Table 1 lists the basic mechanical properties as well as the cyclic mechanical property parameters of the material. The material parameters used in the present constitutive model have been taken from Hertel et al. (2005) .
In order to experimentally determine the notch-tip strain responses, the axial-type metal-foil strain gages were fastened in the maximum stress concentration region (notch) of the specimen, as shown in Fig. 5 . All gages used had a gage length of 0.6 mm. Since the length of the strain gage used in the present study is small enough, the measured strains in the notch-tip regions are expected to be able to approach the actual notch-tip strains with an enough precision. Both axial and shear strain in the maximum stress concentration region of the specimen were recorded under biaxial cyclic proportional and non-proportional tensile-torsion loading paths (Fig. 6 ). Regarding the details of the strain-gage measurements and cyclic tests, the reader can also refer to the literature (Hertel et al., 2005) .
The elastic stress concentration factors in tension (K t22 ), torsion (K t23 ), and a transverse stress concentration factor for tensile loading (K t33 ) were determined using generalized Hooke's law combined with strains obtained from measurements when the shaft was still in the elastic range. The values of the elastic stress concentration factors are given in Fig. 5 .
The nominal tensile and torsional stresses, S 22 and S 23 , in the net cross-section were determined as follows:
where F denotes the applied axial load that induces the normal axial stress component r the superscript C and M denote, respectively, the calculated and the measured strains. Only the results for the cyclically stabilized state are shown here. As it is seen in these figures, in the case of both proportional cyclic loading path and non-proportional cyclic loading paths, the three approximate methods, i.e. the unified expression, the ESED method and Neuber's rule, predict the general trends in the elastic-plastic notch-tip strain responses obtained from the measured data. Among them, the unified expression exhibits the most consistent estimations of the notch-tip axial vs. shear strain histories with the measured results, while the ESED method tends to underestimate the measured strain responses, and Neuber's rule apparently overestimates the actual notch-tip strain histories for the four loading paths. The averaged percentage errors be- tween the calculated solutions and the measured results, as listed in Tables 2-5 , are À3.5% for axial strain component and À3.9% for shear strain component in the unified expression, À10.2% for axial strain component and À12.0% for shear strain component in the ESED method, and 22.3% for axial strain component and 28.2% for shear strain component in Neuber's rule, for the four proportional and non-proportional cyclic loading cases. From the error distributions presented above, it can be obtained that the unified expression developed in this paper further improves the predictive accuracy of the elastic-plastic notch-tip stress and strain responses about three to six times in comparison with the ESED method and Neuber's rule. It can also be inferred from the present study that in comparison with Neuber's rule the ESED method obtains better estimations of the notch-tip strains in spite of its underestimations of the measured data, which well accords with the available evaluations regarding the two approximate relations (Newport and Glinka, 1990) . Since the form of the unified expression is no more Fig. 9 . Notch-tip elastic-plastic shear vs. axial strain for non-proportional cyclic load path C. complicated than that of Neuber's rule and the ESED method, this new expression can be easily applied to the engineering approximate estimations of the elastic-plastic notch-tip stress and strain responses in components subjected to long arbitrary multiaxial cyclic loading histories. It should be pointed out that, as discussed in the literature (Jiang and Xu, 2001 ) regarding the applicability of Neuber's rule and the ESED method in analyses of the elastic-plastic notch strain and stress, the unified expression developed in this paper is expected to be applicable only for limited geometries and limited loading conditions. These limited cases may include (i) relative simple notch geometry, (ii) relative simple stress state on the notch root surface, (iii) identifiable location of local maximum stress/strain, (iv) small local plastic deformation, and (v) proportional and some typical non-proportional loading cases. In the present study the verification of the unified expression has been performed for a cylindrical specimen with a circumferential notch subjected to simultaneous tension and torsion proportional and non-proportional cyclic loads. In such relative simple cases, a satisfying estimation of the notch stress and strain responses based on the unified expression has been achieved. However, it is necessary to further verify the proposed approximate method for more complicated notched bodies and more general loading cases in order to apply it into engineering practical problems more effectively.
Conclusions
(1) On the basis of the thermodynamics analysis of cyclic plastic deformation, an approximate energy transition relation for describing the elastic-plastic stress and strain behavior of the notch-tip material element in bodies subjected to multiaxial cyclic loading is established.
(2) In terms of the established thermodynamics analysis of cyclic plastic deformation, the physical meanings of Neuber's rule and the ESED method are discussed, respectively, from the viewpoint of energy. It is deduced that in the case of elasticplastic deformation Neuber's rule inevitably overestimates the actual stresses and strains at the notch-tip, while the ESED method tends to underestimate the actual notch-tip stresses and strains.
(3) According to the actual energy conversion occurring in the notch-tip material element during cyclic plastic deformation, a unified expression of multiaxial elastic-plastic notch stress and strain calculation is developed, of which Neuber's rule and the ESED method become two particular cases, i.e. upper and lower bound limits of the notch-tip stress and strain estimations. The unified expression is experimentally verified and further compared with Neuber's rule and the ESED method in the notch-tip strain estimations under both proportional and non-proportional cyclic tensile-torsion loading paths. It is shown that the unified expression developed in this paper improves the predictive accuracy of the notch-tip stress and strain responses in comparison with Neuber's rule and the ESED method. This new expression can thus provide a more logical approximate approach for estimating the elastic-plastic notch stress and strain responses of components subjected to multiaxial cyclic loading histories for local strain approach-based fatigue-crack-initiation life prediction. 
